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Abstract
We present the action and transformation rules of Poincare´ supergravity coupled to chiral
multiplets (zα, χα, hα) with off-shell auxiliary fields. Starting from the geometric formulation of
the superconformal theory with auxiliary fields, we derive the Poincare´ counterpart by gauge-fixing
the Weyl and chiral symmetry and S-supersymmetry. We show how this transition is facilitated
by retaining explicit target-space covariance. Our results form a convenient starting point to study
models with constrained superfields, including general matter-coupled de Sitter supergravity.
E-mails: dzf@math.mit.edu, d.roest@rug.nl, Antoine.VanProeyen@fys.kuleuven.be
ar
X
iv
:1
70
1.
05
21
6v
2 
 [h
ep
-th
]  
21
 Fe
b 2
01
7
Contents
1 Introduction 3
2 Geometrisation of transformations 5
3 Covariant superconformal theory 6
3.1 Superconformal Ka¨hler manifolds . . . . . . . . . . . . . . . . . . . . . . . . 7
3.2 Covariant superconformal transformations . . . . . . . . . . . . . . . . . . . 9
3.3 Superconformal action . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
3.4 On shell transformation of auxiliary fields . . . . . . . . . . . . . . . . . . . 11
4 Projective space and gauge fixing 12
4.1 Introducing Poincare´ coordinates . . . . . . . . . . . . . . . . . . . . . . . . 12
4.2 Gauge fixing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
4.3 Covariant derivatives in projective space . . . . . . . . . . . . . . . . . . . . 14
4.4 Geometric identities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
4.5 Poincare´ fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
5 Supersymmetry after gauge fixing 18
5.1 Decomposition laws . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
5.2 Poincare´ covariant transformations on functions of scalars . . . . . . . . . . . 19
5.3 Poincare´ covariant transformations on all fields . . . . . . . . . . . . . . . . . 21
6 Off-shell Poincare´ supersymmetry 21
6.1 Transformation laws . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
6.2 Superpotential part of the action . . . . . . . . . . . . . . . . . . . . . . . . 25
6.3 The auxiliary field action . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
6.4 Consistency . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
7 Synopsis 27
2
1 Introduction
In this paper we reformulate N = 1, D = 4 supergravity theory coupled to chiral multiplets
using ingredients that are manifestly covariant under complex diffeomorphisms of the Ka¨hler
target space. This simplifies the action and transformation rules at the superconformal level
and streamlines the passage to the physical theory, which is invariant under local Poincare´
supersymmetry. We explicitly retain the auxiliary fields of the chiral multiplets, keeping
these off-shell. This formulation permits the construction of supergravity theories in which
supersymmetry is realized nonlinearly due to constraints on superfields.
Nonlinear supersymmetry breaks the usual degeneracy between bosonic and fermionic de-
grees of freedom. It can be seen to follow from imposing supersymmetric constraints on the
superfield, leading to constrained superfields. The present constructions include a nilpotent
field coupled to the supergravity multiplet [1, 2] as well as physical chiral and vector mul-
tiplets [3, 4, 5]. Moreover, extensions have been proposed involving additional constrained
superfields subject to orthogonal constraints [6, 7]. An overview of such possibilities can be
found in [8, 9]. Finally, one can construct de Sitter supergravity by imposing constraints
involving the supergravity multiplet as well [10, 11].
Given these prolific developments in constrained superfields, it is clearly advantageous to
solve for any auxiliary fields at the latest possible stage, in order to allow for as many con-
straints. This is exactly what our current formulation provides, with the final Poincare´ result
containing the auxiliary fields h0 and hα of the supergravity and chiral multiplets. The latter
correspond to the order parameters of supersymmetry breaking. In the case of linearly real-
ized supersymmetry, these are taken as auxiliary fields of a non-constrained superfield and
take their Gaussian values in terms of the physical components. In the case of a non-linear
realization, however, the auxiliary field is a free parameter and instead some of the otherwise
physical components are solved in terms of this parameter.
The proposed framework allows for arbitrary numbers of constrained and independent
superfields. For instance, it can be used to analyze the situation with a number of nilpotent
superfields in addition to independent chiral multiplets. Similarly, it allows for arbitrary
couplings between the different types of fields.
An important role in our derivation is played by the covariance of supersymmetry trans-
formations and auxiliary fields. We will employ a formulation in which these transform
covariantly under reparametrizations of the target space spanned by the scalars φ of the
theory. This formulation was emphasized very recently in [12], where further details and
motivation can be found. The key point is that symmetry transformations δχ (which can in-
clude Killing isometries, supersymmetry, ....) generically do not transform covariantly under
reparametrizations. To remedy this situation, one can introduce covariant transformations
and derivatives defined by
δˆχi = δχi + Γijkχ
jδφk , ∇µχi = ∂µχi + Γijkχj∂µφk . (1.1)
These are the unique quantities that transform covariantly both under target space repara-
metrizations as well as other symmetries.
Previous formulations of the supergravity theories, some of which also retain aspects of
the auxiliary fields [13, 14], were not manifestly covariant under the reparametrizations of
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these two manifolds. With the methods of [12] we can rewrite all essential formulas in a
more geometric fashion, such that reparametrization invariance is manifest. This formula-
tion is very useful in the context of the transition from the superconformal formulation of
matter-coupled supergravity to the super-Poincare´ theory. A key point is that the covariant
transformations of the superconformal theory maintain covariance after gauge-fixing to the
super-Poincare´ theory. This allows us to obtain the supersymmetry transformations of the
fields in the physical Poincare´ supergravity theory in a straightforward way from those in
the superconformal theory.
Though many ingredients of our work apply to both N = 2 and N = 1 theories, we will
restrict ourselves in this paper to N = 1 supergravity coupled to chiral multiplets. The Weyl
multiplet is the gauge multiplet that allows local supersymmetry. Its vector gauge field Aµ is
an auxiliary field, and we will use its field equations. On the other hand, the auxiliary fields
of the chiral multiplets will remain off-shell. We will derive the covariant supersymmetry
transformations and the action for the full field content {zα, χα, hα} of chiral multiplets.
Gauge multiplets can be included in this new formulation, but they will rather appear as
spectators in the theory of the chiral multiplets, and we omit them here.
The Ka¨hler manifolds in N = 1 and N = 2 D = 4 supergravity are projective mani-
folds embedded in larger Ka¨hler manifolds that have conformal properties. The formulation
of Poincare´ supergravity as a broken superconformal theory makes use of ‘compensating
fields’, whose presence allows the super-Poincare´ group to be promoted to a superconformal
group. We start with n + 1 chiral multiplets, with complex scalar fields XI , I = 0, . . . , n.
This includes the compensating scalar field and others scalars that will be physical in the
super-Poincare´ theory. However, we do not want to specify which of the fields XI is the com-
pensator. That is part of the reparametrization invariance that we do not want to break.
We will use the name ‘embedding manifold’ for the scalar manifold with n + 1 complex
fields, and ‘projective manifold’ for the complex n-dimensional manifold that describes the
super-Poincare´ theory.
We start in section 2 by reviewing the main general results needed for a covariant formu-
lation, as found in [12]. These will be exploited in full in this paper. In section 3 we discuss
the superconformal theory in the covariant formulation, emphasizing the role of the various
symmetries. This extends the results of section 3 in [12] to include superconformal transfor-
mations. We present the covariant transformation rules and the covariant form of the action.
In section 4 we introduce the convenient variables to discuss the super-Poincare´ theory. We
discuss the gauge fixing that leads to the Poincare´ group and the resulting projective space.
The relation between superconformal and Poincare´ supersymmetry is presented in section 5.
With these preliminaries in place, one can derive the transformation laws of the Poincare´
fields smoothly, given the superconformal transformations. We obtain the full transforma-
tion rules, and the part of the action relevant for auxiliary fields, in section 6. We conclude
with a synopsis, and a brief discussion of applications to constrained multiplets in section 7.
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2 Geometrisation of transformations
We summarize the main ideas and results of [12] for a theory that contains scalar fields φi(x)
that are maps from spacetime to coordinate charts on a Riemannian target space M with
metric gij(φ) and Christoffel connection Γ
i
jk. We require covariance under reparametrizations
φi → φ′i(φ) . (2.1)
The theory may as well contain composite vectors V i(φ), such as Killing vectors, and other
fields such as the fermions χi(x) of supersymmetric theories, which transform as sections of
the tangent bundle of M . Their transformation laws1
V i(φ)→ V ′i(φ′(φ)) = ∂φ
′i
∂φj
V j(φ) , χi → χ′i = ∂φ
′i
∂φj
χj , (2.2)
are similar, but there is an important difference that we discuss shortly. As in most treat-
ments of supersymmetry, the fields φi and χi are considered as independent, so that {φi, χi}
form a basis of the field space.
Readers are probably familiar with the following definition of covariant spacetime deriva-
tives2 of φi, V i(φ), χi:
∇µφi = ∂µφi ,
∇µV i(φ) = (∂µφj)∇jV i(φ) = (∂µφj)
[
∂jV
i(φ) + ΓijkV
k(φ)
]
,
∇µχi = ∂µχi + Γijkχk(∂µφj) . (2.3)
Using (2.1-2.2) and the transformation property of Γijk, one can show that these covariant
derivatives transform as vectors.
Consider an infinitesimal symmetry operation
δφi(φ, χ) , δχi(φ, χ) , (2.4)
on our system such as spacetime translations or supersymmetry. Then (2.1-2.2) show that
δφi is a vector, but δχi and the induced transformation δV i(φ) are not. Again we need a
connection term to define covariant transformations in the last two cases: [15], [16, App.14B]
δˆV i(φ) ≡ δV i(φ) + ΓijkδφjV k(φ) = δφj(∂jV i + ΓijkV k(φ) ,
δˆχi ≡ δχi + Γijkδφjχk (2.5)
We can now observe the difference between the covariant rules for composite vectors
V i(φ) and vector-valued fields such as χi(x). Only the former can be expressed in terms of
covariant derivatives on M . To make this clear we repeat
∇µV i(φ) = (∂µφj)∇jV i(φ) , δˆV i(φ) = (δφj)∇jV i(φ) . (2.6)
1We use the notation V i(φ), to indicate an equation that is only valid when V i(φ) is a function of the
scalars and not of other fields of the theory.
2We use torsionless connections.
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Note that the covariant rules defined above for vectors can be easily extended to covectors
and tensors. For the metric of which Γijk are the Christoffel symbols:
∇µgij(φ) = (∂µφk)∇kgij = 0 , δˆgij = (δφk)∇kgij = 0 . (2.7)
We now state a principle that is both obvious when thought about and powerful in
operation: If an action is built as a scalar from vectors and tensors, then invariance under
a symmetry operation δ is equivalent to invariance under the covariant transformation δˆ.
Ordinary derivatives and transformations commute by definition:
δ∂µ = ∂µδ , (2.8)
but the commutator of δˆ and ∇ gives rise to curvature terms.
δˆ∇µV i = ∇µδˆV i +Rk`ijV j(δφk)(∂µφ`) . (2.9)
Furthermore, curvature terms appear also in the commutator of covariant derivatives and
the commutator of covariant transformations. This relation as well as those below, which
were derived in [12], are valid both for composite V i(φ) and vector-valued fields such as
χi(x);
[∇µ,∇ν ]V k = Rijk`(∂µφi)(∂νφj)V ` ,
[δ1, δ2]V
i = δ3V
i =⇒
[
δˆ1, δˆ2
]
V i = δˆ3V
i +Rk`
i
jV
j(δ1φ
k)(δ2φ
`) , (2.10)
where δ1 is a shortcut for δ[1]), . . . and 3 is the function of 1 and 2 determined by the
structure of the symmetry algebra.
We close this section with an exercise for interested readers. Let ki(φ) be a Killing
vector on M that acts on fermions fields as δχi = ∂jk
iχj. By the rules stated above the
covariant form of this symmetry operation is δˆχi = ∇jkiχj. Without peeking at [12], show
that δˆ∇µχi = ∇jki∇µχj.
3 Covariant superconformal theory
In the first stage of the superconformal approach to N = 1, D = 4 supergravity, a set of
chiral multiplets, denoted by {XI , ΩI , F I}, with Weyl weight 1, is coupled to the Weyl
multiplet {eaµ, ψµ, bµ, Aµ}. The complex scalar fields XI(x) are coordinates of a Ka¨hler
manifold with conformal symmetry. A conformal Ka¨hler manifold obeys certain homogene-
ity conditions, which we explain in the next subsection. These conditions constrain the
allowed reparametrizations and also induce a chiral symmetry. We apply the geometric
methods of section 2 to define covariant derivatives and covariant transformations, which
transform properly under homogeneous reparametrizations and chiral transformations. We
then focus on covariant superconformal transformations of {XI , ΩI , F I} and also write
the superconformal action that determines their dynamics. We refer to this setting as the
geometric superconformal theory. This prepares the way for a covariant treatment of the
physical supergravity theory in section 4.
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3.1 Superconformal Ka¨hler manifolds
We first discuss the embedding space spanned by the scalars of the superconformal theory,
together with a covariant formulation of its symmetries. In outline, our discussion follows
[12], but we emphasize two new ingredients, namely homogeneity and chiral symmetry, called
T -symmetry.
The scalars XI are coordinates of a Ka¨hler manifold. Its metric is determined by a
Ka¨hler potential as usual:
GIJ¯ = NIJ¯ ≡ ∂I∂J¯N(X, X¯) . (3.1)
In order to apply it to the physical supergravity theory, as we will discuss it in section 4,
the metric should have signature (−,+, · · ·+), which corresponds to the index values I =
(0, 1, . . . n). The negative direction corresponds to the conformal compensator, but in this
fully covariant approach we need not identify it more specifically.
Homogeneity. An important condition imposed by superconformal symmetry is that the
Ka¨hler potential N = N(X, X¯) is homogeneous of weight one3 in both the holomorphic and
the anti-holomorphic coordinates. The homogeneity condition requires the equations (in a
notation where subscripts on N indicate derivatives)
N(X, X¯) = XINI = X¯
I¯NI¯ = NIJ¯X
IX¯ J¯ NI = NIJ¯X¯
J¯ ,
XINIJ = 0 NIJK¯X¯
K¯ = NIJ X
KNKIJ¯ = 0 . (3.2)
An important consequence of homogeneity is that geometrical quantities, such as the con-
nection and curvature tensor4 for the Ka¨hler manifold, have zero vectors, viz
ΓIJK = G
IL¯NL¯JK , X
JΓIJK = 0 , (3.3)
RIJ¯KL¯ = NIJ¯KL¯ −NIKM¯GM¯NNNJ¯L¯ , XIRIJ¯KL¯ = 0 . (3.4)
Ka¨hler transformations of N(X, X¯) are not permitted since holomorphic additional terms
do not satisfy the homogeneity requirement.
Chiral Symmetry. Homogeneity of the superconformal Ka¨hler manifold, together with
its complex structure, imply that there are separate dilatation and chiral symmetries under
which the scalars XI , X¯ J¯ transform as
δXI = (λD + iλT )X
I , δX¯ I¯ = (λD − iλT )X¯ I¯ . (3.5)
These are the Weyl scaling and the chiral T -symmetry, which is the U(1) R-symmetry of the
conformal supersymmetry algebra. The Lagrangian contains auxiliary connections for both
3This means that the manifold possesses a ‘closed homothetic Killing vector’ [17] (summarized in[16,
section 15.7]). The presence of such a vector kD
I implies conformal symmetry, and in a Ka¨hler manifold, it
further implies a Killing vector for the T -symmetry: kT
I = ikD
I . In this paper we choose coordinates where
this closed homothetic Killing vector is aligned in the direction kD
I = XI . A generalization to more general
coordinates is possible.
4In general, closed homothetic Killing vectors are zero-modes of the curvature.
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symmetries. The T -connection is the gauge field Aµ(x) of the Weyl multiplet.
5 We focus on
the T -connection, since the dilatation gauge field bµ will be set to zero when gauge fixing
the special conformal transformations in the passage to the Poincare´ theory. The scalar
Lagrangian is therefore
L = −NIJ¯gµν∇µXI∇νX¯ J¯ , (3.6)
where
∇µXI = ∂µXI − iAµXI . (3.7)
and the T-connection Aµ transforms as δAµ = ∂µλT . The connection is an auxiliary field
whose field equation is solved by
iAµ = 1
2N
(
NI∂µX
I −NJ¯∂µX¯ J¯
)
. (3.8)
After substitution of this result in (3.6), we find the equivalent Lagrangian
L = − 1
4N
∂µN∂
µN −N(∂µXI)(∂µX¯ J¯)∂I∂J¯ lnN . (3.9)
Upon redefining N = −r2 this can be interpreted as a cone over a projective manifold. Note
that the radial direction has a kinetic term of the wrong sign. However, this corresponds to
the conformal compensator and not to a physical field and does not pose a problem.
The composite connection Aµ in (3.8) must be included in our covariant definitions as
follows. A general vector V I of chiral weight c satisfies
δTV
I = icλTV
I , (3.10)
and we extend the definition of covariant derivatives ∇µ, (1.1), with the T -connection:
∇µV I ≡ (∂µ − icAµ)V I + ΓIJKV J∂µXK . (3.11)
This transforms as a tangent vector under coordinate reparametrizations, and has chiral
weight c. Similarly, we define covariant transformation rules as
δˆV I ≡ δV I + ΓIJKV JδXK , (3.12)
which also transform as a tangent vector.
In the special case of composite vectors on the target space, i.e. V I = V I(X, X¯), the
T -transformation is implemented as the Killing symmetry
δTV
I(X, X¯) = iλT (X
J∂J − X¯ J¯∂J¯)V I(X, X¯) . (3.13)
Covariant spacetime derivatives and transformation rules satisfy relations to covariant deriva-
tives on the Ka¨hler manifold, i.e.
∇JV I = ∂JV I + ΓIJKV K , ∇J¯V I = ∂J¯V I , (3.14)
5It is called Aµ in this section in which we include only its action on the scalars.
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which generalize (2.6),
∇µV I(X, X¯) = ∇µXJ ∇JV I +∇µX¯ J¯ ∇J¯V I , δˆV I(X, X¯) = δXJ∇JV I + δX J¯∇J¯V I ,
(3.15)
since the T -connections follow this pattern on account of (3.13). The last equation is valid
separately for all transformations, e.g. both for supersymmetry and for T -transformations.
Note also that (3.7) is consistent with (3.11) because of (3.3), and that δˆXI = δXI .
In the rest of this paper we develop covariant formulas under homogeneous reparametriza-
tions6 of the target space. This means that coordinates transform as vectors under this class
of reparametrizations,
XI → X ′I(X) = XI∂IX ′I(X) , (3.16)
which is not true for the more general coordinate transformations of section 2.
3.2 Covariant superconformal transformations
In this section we obtain the covariant form of the supersymmetry variations given in [16,
(17.3)]. The rules for target space covariance are essentially as given in section 3 of [12], but
we extend them to incorporate two features of superconformal supergravity. First we have
local S-supersymmetry with parameter η. Second, the superconformal covariant derivatives
include connections of the Weyl multiplet. The covariant transformations are7
δˆXI = δXI =
1√
2
¯ΩI ,
δˆΩI =
1√
2
PL
(
/DXI + Fˆ I
)
+
√
2XIPLη ,
δˆFˆ I =
1√
2
¯
[
γµDˆµΩI + 12RJL¯IKΩL¯ΩJΩK
]
, (3.17)
where we introduced the covariant auxiliary field
Fˆ I = F I − 1
2
ΓIJKΩ¯
JΩK . (3.18)
The superconformal covariant derivatives depend on the fields of the Weyl multiplet: the
frame field eaµ, the gravitino ψµ, the dilatation gauge field bµ and the T -gauge field Aµ. These
are independent fields. After the action is constructed, the field equation of Aµ sets it equal
to Aµ as in (3.8) plus a fermionic part given in (6.6) below. These derivatives are
DµXI =∂µXI − bµXI − iAµXI − 1√
2
ψ¯µΩ
I , (3.19)
DµΩI =
(
∂µ +
1
4
ωµ
abγab − 3
2
bµ +
1
2
iAµ
)
ΩI − 1√
2
PL
(
/DXI + F I)ψµ −√2PLXIφµ ,
6If we use results of actions and transformations in a more general frame than frames where kID = X
I ,
the restriction to homogeneity can be removed.
7We use the notation that ΩI is left-handed, i.e. ΩI = PLΩ
I and ΩI¯ = PRΩ
I¯ .
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where φµ is the gauge field of the S-supersymmetry. This is dependent on the other fields
φµ = −12γνR′µν(Q) + 112γµγρνR′ρν(Q) , R′µν(Q) = 2
(
∂[µ +
1
4
ω[µ
abγab +
1
2
b[µ − 32 iA[µγ∗
)
ψν] .
(3.20)
The spin connection used here is the conformal connection with gravitino and bµ torsion
ωµ
ab = 2eν[a∂[µeν]
b] − eν[aeb]σeµc∂νeσc + 2eµ[aeb]νbν + 12 ψ¯µγ[aψb] + 14 ψ¯aγµψb . (3.21)
The geometric covariant derivative is8
D̂µΩI = DµΩI + ΓIJKΩJDµXK . (3.22)
The calculations to arrive at (3.17) are the same as in section 3 of [12]. We only have
the extra S-supersymmetry. The covariance of the S transformation part9 of ΩI , is the
statement that XI behaves as a vector. This is only true for transformations of the form
(3.16).
There is no S-transformation of Fˆ I in (3.17), because F I does not transform and the
S-transformations of the fermions in (3.18) do not contribute due to (3.3).10
The commutator relation applied on ΩI is similar to (2.10)[
δˆ1, δˆ2
]
ΩI = δˆ3Ω
I +RKL¯
I
JΩ
J
[
1
2
¯1Ω
K ¯2Ω
L¯ − (1↔ 2))
]
= δˆ3Ω
I − 1
4
RKL¯
I
J
[
1(Ω¯
JΩK)¯2Ω
L¯ − (1↔ 2))
]
(3.23)
Since XI can be viewed as a vector, we might expect that
[
δˆ1, δˆ2
]
XI should include an
analogous curvature term. But it vanishes due to (3.4).
3.3 Superconformal action
There are two independent parts of the superconformal action for chiral multiplets. The
first is the covariant kinetic action, called [N ]D because it is a D-term which requires the
Ka¨hler potential as input data. The second part is the superpotential action, an F -term
called [W ]F , which is determined by the holomorphic superpotential W(X). Each part is
invariant under the transformation rules (3.17).
The kinetic action of [16, (17.19)] simplifies considerably when one uses covariant deriva-
tives and Fˆ I . In this geometric formulation, it can be written as (it actually includes kinetic
8Since Zα of [12] was a coordinate and not a vector, we did not define a covariant derivative ∇µZα. Here
XI is also a vector, and thus in principle we can define the geometric covariant D̂µXI . However, due to
(3.3), this is equal to DµXI .
9In a frame with an arbitrary closed homothetic Killing vector, the S-supersymmetry transformations of
ΩI would be of the form δSΩ
I =
√
2kD
IPLη, and kD
I transforms to other frames as a vector.
10If we would formulate the transformations with an arbitrary closed homothetic Killing vector, F I would
transform under S, and the term in this extra part of Fˆ I , which is then ΓIJKkD
K , would cancel the S-
transformations of F , such that Fˆ I would still be S-invariant.
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terms for graviton and gravitino in the last line)
[N ]D e
−1 = NIJ¯
(
−DµXIDµX¯ J¯ − 1
2
Ω¯I /̂DΩJ¯ − 1
2
Ω¯J¯ /̂DΩI + Fˆ I ¯ˆF J¯
)
+
1
4
RIK¯JL¯ Ω¯
IΩJΩ¯K¯ΩL¯ +
[
1
2
√
2
ψ¯ · γ
(
NIJ¯ Fˆ
IΩJ¯ −NIJ¯ /DX¯ J¯ΩI
)
+
1
8
iεµνρσψ¯µγνψρ
(
NIDσXI + 1
2
NIJ¯Ω¯
IγσΩ
J¯ +
1√
2
NIψ¯σΩ
I
)
+ h.c.
]
+
1
6
N
(−R(ω) + 1
2
ψ¯µγ
µνρR′νρ(Q)
)− 1
6
√
2
(
NIΩ¯
I +NI¯Ω¯
I¯
)
γµνR′µν(Q) . (3.24)
The superpotential is a homogeneous, holomorphic function of Weyl weight 3:
XIWI = 3W , WI ≡ ∂
∂XI
W . (3.25)
The F -term action is given by
[W ]F e−1 =WIFˆ I − 12WI;JΩ¯IΩJ +
1√
2
WIψ¯ · γΩI + 12Wψ¯µPRγµνψν + h.c. , (3.26)
where the semicolon sign is used for covariant derivatives, e.g. WI;J =WIJ − ΓKIJWK . The
Ricci scalar R(ω) is calculated with the spin connection in (3.21), and R′µν(Q) is given in
(3.20).
3.4 On shell transformation of auxiliary fields
The auxiliary field Fˆ I can be eliminated using the algebraic field equation11
Fˆ Ion−shell = −WK¯GIK¯ = −WI . (3.27)
The covariant transformation of the right side gives
δˆ(Fˆ Ion−shell) = −
1√
2
WI ;J¯ ¯ Ω¯J¯ . (3.28)
We now show that this result is consistent with (3.17) when the fermion equation of motion
is used. To check this, it is useful to rewrite the transformation of the auxiliary field as
δˆFˆ I =
1√
2
¯
[
γµDˆµΩI + 12RJL¯IKΩL¯Ω
J
ΩK +WI ;J¯ΩJ¯ + γ · ψ
(
WI + Fˆ I
)]
− 1√
2
¯
[
γ · ψ
(
WI + Fˆ I
)
+WI ;J¯ΩJ¯
]
≈ − 1√
2
WI ;J¯ ¯ΩJ¯ . (3.29)
The first line of this equation is equal to the field equation for the fermionic fields. Further,
the round brackets in the second line enclose the field equation for the auxiliary fields. The
net result is indeed the on-shell transformation (3.28)!
11Note that Fˆ I = 0 on shell is valid both in the rigid limit and in supergravity when W = 0. The reason
is that the Fγ ·ψ term on the 2nd line of (3.24) cancels with a similar term in the supercovariant derivative
of ΩI , see (3.19), in the fermion kinetic term.
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4 Projective space and gauge fixing
4.1 Introducing Poincare´ coordinates
The next important step is to move toward physical variables by the substitution
XI = yZI(zα) . (4.1)
This relates the n + 1 complex fields XI to new variables zα with α = 1, . . . n and y. The
zα are the physical scalars, which are coordinates on an n-dimensional projective Ka¨hler
manifold. Because we require invariance under the reparametrization zα → z′α(z), the
ZI(z) are arbitrary functions, but subject to the requirement that(
ZI
∂αZ
I
)
(4.2)
is a non-singular (n+ 1)× (n+ 1) matrix.
When the Poincare´ coordinate Ansatz is substituted in (3.9), we find that ∂µy cancels in
the second term (see [16, Sec 17.3.4]), and the Lagrangian takes the form
L = − 1
4N
∂µN∂
µN −N(∂µzα)(∂µz¯β¯)∂α∂β¯ ln
[
ZIGIJ¯ Z¯
J¯
]
, N = yy¯ZIGIJ¯ Z¯
J¯ . (4.3)
Interpreting this as a cone, the projective manifold is a non-linear σ-model whose metric is
given by the Ka¨hler potential
K(z, z¯) = −a ln
[
−a−1 ZI(z)GIJ¯ Z¯ J¯(z¯)
]
= a ln
[
−ayy¯
N
]
, (4.4)
where we have included an arbitrary constant a for later convenience. Moreover, in these
coordinates, the chiral connection (3.8) takes the form (see [16, Ex.17.10])
iAµ = 12a−1 (∂µz¯α¯∂α¯K − ∂µzα∂αK) + 12∂µ ln(y/y¯) . (4.5)
Since this Lagrangian is simply a reparametrization of (3.6), it inherits its chiral and dilata-
tion symmetries.
However, there is now a new symmetry since the split of coordinates (4.1) is not unique:
it is invariant under
ZI → e−f(z)/aZI , y → ef(z)/ay . (4.6)
This induces Ka¨hler transformations on the potential:
K(z, z¯)→ K(z, z¯) + f(z) + f¯(z¯) . (4.7)
We consider the transformations with f and f¯ as independent. Since we have these trans-
formations we can choose the dilatations and T -transformation to act only on y and not on
ZI ;
δDy = λDy , δTy = iλTy , δDz
α = δT z
α = 0 . (4.8)
12
c w+ w− wˆ+ wˆ−
X 1 0 0 1/2 −1/2
y 1 −1 0 −1/2 −1/2
ZI 0 1 0 1 0
zα 0 0 0 0 0
ΩI −1/2 0 0 −1/4 1/4
χ0, χα −3/2 0 0 −3/4 3/4
F I −2 0 0 −1 1
h0, hα −3 0 0 −3/2 3/2
W 3 0 0 3/2 −3/2
W 0 3 0 3 0
Table 1: The chiral and Ka¨hler weights of superconformal and super-Poincare´ fields. The
weights of the complex conjugate fields are obtained by c↔ −c, w+ ↔ w− and wˆ+ ↔ wˆ−.
Hence y and ZI have chiral weights 1 and 0, respectively. More generally, functions of the
scalars y and zα can have weights c, w+ and w− and transform as
(δT [λT ] + δK[f ])V =
(
icλT − a−1w+f(z)− a−1w−f¯(z¯)
)
V , (4.9)
under T and Ka¨hler transformations.
In order to define covariant derivatives, we introduce auxiliary connections for Ka¨hler
transformations12
ωµ = ωα∂µz
α , ωα = ∂αK , ω¯µ = ω¯α¯∂µz¯α¯ , ω¯α¯ = ∂α¯K . (4.10)
The covariant derivatives are then defined as
∇µV ≡
(
∂µ − icAµ + a−1w+ωµ + a−1w−ω¯µ
)
V . (4.11)
For tensors there are the extra terms such as the last term in (3.11). The weights for various
fields and quantities are given in the left part of Table 1.
In particular, the covariant derivative ∇µy is thus
∇µy =
(
∂µ − iAµ − a−1ωµ
)
y =
1
2
y∂µ(ln yy¯)− 1
2a
y∂µK , (4.12)
while
∇µZI =
(
∂µ + a
−1ωµ
)
ZI . (4.13)
The latter two equations show that these covariant derivatives are an extension of (3.7),
consistent with (4.1).
12Note that in [16, (17.162)] we used another normalization for ωα and ωα¯, because we introduced them
as gauge fields of the symmetry Im f . Here we consider f and f¯ as independent transformations, where
the first one has only holomorphic gauge connection as in the equation below, and the second one has only
anti-holomorphic gauge connection.
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4.2 Gauge fixing
Superconformal symmetries that are not part of the Poincare´ superalgebra must be gauge
fixed so as to maintain covariance under target space reparametrization. In this section we
discuss the fixing of the bosonic symmetries, namely dilatation, chiral, and special confor-
mal13 symmetries.
Dilatations are fixed by requiring that N is constant, i.e.
N(X, X¯) = −a . (4.14)
For N = 1 supergravity, the value a = 3κ−2 canonically normalizes the Einstein–Hilbert
term. This translates into the following condition on the magnitude of y:
yy¯ = −a
[
ZIGIJ¯ Z¯
J¯
]−1
or a ln(yy¯) = K(z, z¯) . (4.15)
With this gauge choice, (4.12) implies
∇µy = 0 . (4.16)
To define all variables in terms of z and z¯, we must determine both the modulus of y(z, z¯)
as in (4.15), and its phase. This is done by the chiral symmetry gauge fixing condition
y = y¯ = eK/2a . (4.17)
As required, this expresses the field y in terms of the Poincare´ fields (z, z¯).
An important consequence of this gauge choice is that the auxiliary chiral connection (4.5)
can now be expressed as the pullback of covariant derivatives on the projective manifold.
For this purpose we write
Aµ = Aα∂µzα +Aα¯∂µz¯α¯ , Aα = i∂α ln y = 1
2a
i∂αK . (4.18)
The last equation follows from (4.15).
4.3 Covariant derivatives in projective space
The coordinates of the projective manifold are zα, α = 1, . . . , n and their complex conjugates
z¯α¯. This manifold has a Ka¨hler potential K(z, z¯), and corresponding metric
gαβ¯ = ∂α∂β¯K(z, z¯) . (4.19)
Functions and tensors on the projective space depend on the spacetime points via their
dependence on z and z¯. Therefore we define the split covariant derivatives as
∇µV (z, z¯) ≡ ∇αV ∂µzα +∇α¯V ∂µz¯α¯ , (4.20)
13Special conformal transformations are fixed by eliminating one field from the Weyl multiplet: the gauge
field of dilations.
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for any scalar quantity V (z, z¯).
After the gauge fixing, Aα and ωα are both related to ∂αK. As a consequence, only
specific combinations of the weights c and w± occur in the covariant derivatives:
wˆ+ = w+ +
1
2
c , wˆ− = w− − 12c . (4.21)
These combined weights are also given in Table 1. We then have
∇αV = ∂αV + 1
a
wˆ+V (∂αK) , ∇α¯V = ∂α¯V + 1
a
wˆ−V (∂α¯K) . (4.22)
The weights of ∇αV are equal to those of V .
For quantities that transform as vectors and tensors under reparametrizations of the
embedding or projective space we include the appropriate Levi-Civita connections. Thus for
a vector V I , this becomes
∇αV I = ∂αV I + 1
a
wˆ+V
I(∂αK) + ΓIJKV J∂αXK ,
∇α¯V I¯ = ∂α¯V I¯ + 1
a
wˆ−V I(∂α¯K) + ΓI¯J¯K¯V J¯∂α¯XK¯ . (4.23)
There are no Levi-Civita connection terms for ∇αV I¯ , but they might have Ka¨hler connec-
tions. The covariant chain rule also holds:
∇αV I(z, z¯) = ∇αXJ∇JV I . (4.24)
Similarly for tensors in the projective space, like V α, we define
∇αV γ = ∂αV γ + 1
a
wˆ+V
γ(∂αK) + ΓγαβV β . (4.25)
As a particular example of these covariant expressions, it follows from (4.16) that
∇αy = ∇α¯y = 0 . (4.26)
Hence y is covariantly constant on the projective manifold and in spacetime. This indicates
that it is not a physical variable, but it is needed to enforce the Weyl scaling property of
(4.1). Similarly, we have
∇αZI ≡
(
∂α + a
−1(∂αK)
)
ZI , ∇α¯ZI ≡ ∂α¯ZI = 0 . (4.27)
These equations are often used in the form
∇αXI = y∇αZI . (4.28)
Finally, these covariant derivatives can be applied to the metrics in embedding and
projective spaces,
∇αGIJ¯ = 0 , ∇γgαβ¯ = 0 , (4.29)
and hence are compatible with the metrics of these spaces.
For scalar-dependent quantities that are defined in the embedding space, we can relate
∇α to the ∇I derivatives. In this case, we thus consider quantities V I built from the X and
X¯, which are therefore Ka¨hler-invariant and wˆ± = ±c/2. Then one can prove that
∇αV I = ∇αXJ∇JV I . (4.30)
To prove this one uses the equality of (3.10) and (3.13) and ∇αX¯ I¯ = 0.
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4.4 Geometric identities
The general structure can be used to derive a number of geometric identities for these
derivatives. First of all, the commutators of covariant derivatives are determined by the
curvatures of the different symmetries. There are no curvatures in the commutators of two
holomorphic derivatives, but we have[∇α,∇β¯]V = a−1(−wˆ+ + wˆ−)gαβ¯V ,[∇α,∇β¯]V I = a−1(−wˆ+ + wˆ−)gαβ¯V I +RKL¯IJV J(∂αXK)(∂α¯X¯ L¯) ,[∇α,∇β¯]Vγ = a−1(−wˆ+ + wˆ−)gαβ¯Vγ +Rαβ¯γδVδ . (4.31)
Note that in the middle line of (4.31) we could replace ∂αX
K by ∇αXK due to the curvature
properties (3.4), and obtain a covariant expression.
The dilatational gauge fixing condition can be written as
yy¯ ZIGIJ¯ Z¯
J¯ = −a . (4.32)
Applying the covariant derivative ∇α using (4.26) and the conjugate of (4.27) gives
yy¯ GIJ¯ Z¯
J¯∇αZI = 0 . (4.33)
Applying ∇β¯ on the latter we obtain
yy¯G¯IJ¯∇β¯Z¯ J¯∇αZI = −yy¯GIJ¯ Z¯ J¯(∇β¯∇αZI) = gαβ¯ , (4.34)
where we have used the second line of the commutators (4.31), which implies
[∇α,∇β¯]ZI = −a−1gαβ¯ ZI =⇒ ∇β¯∇αZI = a−1gαβ¯ZI . (4.35)
We write the equations (4.32)–(4.34) collectively as
yy¯
(
ZI ∇αZI
)
GIJ¯
(
Z¯ J¯
∇β¯Z¯ J¯
)
=
(−a 0
0 gαβ¯
)
. (4.36)
This shows how a basis transformation employing the invertible matrix(
ZI
∇αZI
)
, (4.37)
relates the superconformal metric GIJ¯ to the conical form with projective metric gαβ¯ (and
radial direction with opposite signature).
A corollary of this relation follows by applying ∇γ to the second of (4.36). The ∇γ acts
only on the factor ∇αZI from the l.h.s. (using also that ∇γ∇β¯Z¯ J¯ ∝ Z¯ J¯ and thus does not
contribute using the same relation (4.36)) and gives 0 on the r.h.s.. Since GIJ and the matrix
(4.2) are invertible, this gives14
∇α∇βZI = 0 , (4.38)
14Since we now include Levi-Civita connection in the definition of∇α this is the ∇̂ introduced in footnote 13
in [16, section17.3.6], and the formula below agrees with that footnote.
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which will be useful later.
Finally, we can obtain a relation between the curvature tensors of the embedding and
projective spaces using an extension of the commutator relations (4.31) when they act on a
quantity with both α and I indices:
[∇γ,∇β¯]∇α ZI = −a−1gγβ¯∇αZI −Rγβ¯δα∇δ ZI + (y∇γZK)(y¯∇β¯Z¯L¯)RKL¯IJ∇αZJ . (4.39)
Using (4.38), (4.35) and (4.27), the left hand side is
a−1gαβ¯∇γZI . (4.40)
Next we contract this with yy¯GII¯∇δ¯Z¯ I¯ , use (4.34), and rearrange the furniture to obtain
(yy¯)2RJI¯KL¯∇αZJ∇β¯Z¯ I¯∇γZK∇δ¯ZL¯ = Rαβ¯γδ¯ − a−1(gαβ¯gγδ¯ + gγβ¯gαδ¯) . (4.41)
Later we will need this relation.
4.5 Poincare´ fields
In (4.1), we related the superconformal coordinates XI to physical coordinates zα (and to
y which can be considered a relic of the conformal compensator). In the same spirit, we
now introduce the full dictionary between the superconformal components of chiral multi-
plets (XI , ΩI , Fˆ I) and super-Poincare´ components (zα, χα, hα) (and the superconformal
compensator relics y, χ0, h0):
XI = yZI ,
ΩI = y
(
ZIχ0 +∇αZIχα
)
= XIχ0 +∇αXIχα ,
Fˆ I = y
(
ZIh0 +∇αZIhα
)
= XIh0 +∇αXIhα . (4.42)
The relations of (4.36) allow us to write the inverse of these relations:
χ0 = −a−1y¯ Z¯ I¯GI¯JΩJ , χα = y¯ gαβ¯∇β¯Z¯ I¯GI¯JΩJ ,
h0 = −a−1y¯ Z¯ I¯GI¯J Fˆ J , hα = y¯ gαβ¯∇β¯Z¯ I¯GI¯J Fˆ J . (4.43)
Readers should note how the basis transformation (4.37) is used to relate quantities in the
superconformal and physical descriptions of the theory.
We choose a gauge fixing for S-supersymmetry so that the dilation gauge fixing condition
(4.14) is invariant under Q-supersymmetry (3.17):
S − gauge : NIΩI = GIJ¯X¯ J¯ΩI = 0 ⇔ χ0 = 0 . (4.44)
We will address the implications of this gauge choice later on.
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5 Supersymmetry after gauge fixing
In this section, we discuss the supersymmetry transformations of fields in the projective
space of the super-Poincare´ theory. Due to gauge fixing, these involve combinations of
supersymmetry and other symmetries of the superconformal theory. These combinations
are determined in section 5.1. They are called Poincare´ transformations and we use the
notation15 δ . We define covariant transformations on functions of the scalars in section 5.2
and denote them by δˆ . We discuss their relation with the superconformal supersymmetry,
and with the ordinary supersymmetries. On the basis of these properties we define the
covariant transformations on other fields in section 5.3. These covariant transformations are
far more convenient, and we will only work with them in section 6.
5.1 Decomposition laws
Since we have gauge-fixed dilatations, T -transformations and S-supersymmetry, these are no
longer independent symmetries of the physical theory. However, their effects persist in ‘de-
composition laws’ and ’compensating transformations’ that express the ‘gauge-fixed’ symme-
try parameters in terms of symmetries that remain in the theory, namely Q-supersymmetry
and Ka¨hler transformations.
We first consider Ka¨hler transformations (4.6), which leave the dilatation gauge choice
(4.15) invariant. However, they do not leave the T -gauge y = y¯ invariant. This leads to
a decomposition law for the T -transformations, since the condition transforms under these
two symmetries
(δK[f ] + δT [λT ]) (y − y¯) = 1
a
(
f(z)y − f¯(z¯)y¯)+ iλT (y + y¯) , (5.1)
and is only invariant if we include the compensating transformation
λ˜T (f) =
1
2a
i(f − f¯) . (5.2)
Therefore, in the Poincare´ theory, Ka¨hler transformations act on functions V as in (4.9)
δ K[f ]V =
(
δK[f ] + δT [λ˜T (f)]
)
V
=
(
−1
a
w+f − 1
a
w−f¯ + icλ˜T (f)
)
V = −1
a
(
wˆ+f + wˆ−f¯
)
V . (5.3)
Note that these combine into the same combinations of chiral and Ka¨hler weights as in (4.21).
In particular, note that though XI is invariant under the original Ka¨hler transformations,
we have
δ K[f ]X
I = iλ˜T (f)X
I = − 1
2a
(f − f¯)XI . (5.4)
The superconformal transformations are
δXI = (λD + iλT )X
I +
1√
2
¯ΩI . (5.5)
15The symbol   comes from point-carre´.
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The combination of these symmetries that remains after gauge fixing should be such that it
can be obtained from (4.1) and (4.17) in terms of transformations of the Poincare´ variables
δzα and δz¯α¯:
δXI = (δy)ZI + yδZI = y
1
2a
(∂αKδzα + ∂α¯Kδz¯α¯)ZI + y∂αZIδzα
=
1
2a
(−∂αKδzα + ∂α¯Kδz¯α¯) yZI + y∇αZI δzα . (5.6)
To connect both expressions, we use the decomposition of ΩI in (4.42), and the gauge (4.44).
Using the invertibility of (4.37), we can split the equality of (5.5) and (5.6) in two equations
λD + iλT =
1
2a
(−∂αKδzα + ∂α¯Kδz¯α¯) , 1√
2
¯χα = δzα . (5.7)
The last one determines that χα is the supersymmetry partner of zα in the Poincare´ theory.
The first one fixes the dilatation and chiral transformations in terms of the Poincare´ super-
symmetry variation δzα. We thus obtain that in general the Poincare´ supersymmetry is the
following combination of superconformal symmetries
δ [] = δQ[] + δT [λT ()] , λT () =
1
2a
i (∂αKδzα − ∂α¯Kδz¯α¯) , (5.8)
involving a compensating chiral transformation (while λD() = 0, because the right-hand
side of the first equality in (5.7) is imaginary).
5.2 Poincare´ covariant transformations on functions of scalars
While compatible with the Poincare´ gauge choices, the above do not yet constitute covariant
supersymmetry transformations. We define the covariant derivatives of functions of z and z¯
as a generalization of (3.15):
δˆ []V (z, z¯) = (∇αV )δzα + (∇α¯V )δz¯α¯ , (5.9)
using the covariant derivatives defined in section 4.3. We apply this also if V contains other
indices I, α, . . .; in this case the appropriate connections ΓIJK , Γ
α
βγ are included in the ∇α
and ∇α¯ operation as in (4.23) and (4.25).
Observe immediately the difference with ordinary transformations which follow the nor-
mal chain rule:
δ []V (z, z¯) = (∂αV )δz
α + (∂α¯V )δz¯
α¯ . (5.10)
Consider first the action of (5.9) on the conformal scalars XI :
δˆ []XI = ∇αXI δzα = 1√
2
∇αXI ¯χα = 1√
2
¯ΩI = δQ[]X
I = δˆQ[]X
I , (5.11)
where for the third equality we used (4.42) with χ0 = 0 due to the S-gauge condition. We
thus obtain that this covariant superconformal transformation on this field is equal to the Q-
transformation of the superconformal theory. This is also true for all other covariant objects
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that are well-defined in the superconformal theory. For these, we can use (4.30), and thus
δˆ []V I = δzα∇αXJ∇JV I+δz¯α¯∇α¯X¯ J¯∇J¯V I =
1√
2
¯
[
ΩJ∇JV I + ΩJ¯∇J¯V I
]
= δˆQV
I , (5.12)
according to (3.15) for the conformal Q-supersymmetry.
Notice that these equalities were not valid for the non-covariant transformations, see (5.6),
which lead to a compensating T -transformation in (5.8). The covariant transformations
leave the gauge conditions for dilatations and T -transformation invariant. The covariant
transformation of the dilatation condition N = −a is according to (5.12) the same as the Q
transformation:
δˆ []N =
1√
2
¯
(
NIΩ
I +NI¯Ω
I¯
)
= 0 , (5.13)
due to the S-gauge condition (4.44). Thus the compensating dilatation transformation van-
ishes, i.e. λD() = 0.
The next gauge condition is the T -gauge y = y¯. But since y is covariantly constant, see
(4.26),
δˆ []y = (∇αy)δzα + (∇α¯y)δz¯α¯ = 0 . (5.14)
Therefore, the T -gauge condition y = y¯ is invariant and the decomposition law for the
covariant transformations is λT () = 0, to be confronted with (5.8) for the usual super-
Poincare´ transformations.
For completeness, we now discuss the relation between these transformations and the
ordinary transformations. Comparing (5.9) and (5.10), we find with (4.22):
δˆ []V = δ []V + a−1 [wˆ+(∂αK)δzα + wˆ−(∂α¯K)δz¯α¯]V . (5.15)
For objects already defined in the superconformal theory, wˆ+ = −wˆ− = 12c, and the cor-
rection term just amounts to the T -compensating transformation in (5.8). The Poincare´
theory involves also quantities that are defined only after the split of variables (4.1). For
example, this applies to the superpotential W that is defined from the superconformal W
by W = y3W . For these, we do not have the conformal transformations. Their covariant
Poincare´ transformations are related to the ordinary Poincare´ transformations by the full
rule (5.15).
As an example we apply (5.15) to the superpotential W , which has wˆ+ = 3 and wˆ− = 0:
δˆ []W = δ []W + 3a−1(∂αK)Wδzα
= ∂αW δz
α + 3a−1(∂αK)Wδzα = ∇αW δzα .
(5.16)
For quantities with various indices the relation between the covariant and ordinary
Poincare´ covariant derivatives is as in
δˆ []V I ≡ δ []V I + 1
a
V I [wˆ+(∂αK)δzα + wˆ−(∂α¯K)δz¯α¯] + ΓIJKV J∇βXKδzβ ,
δˆ []V γ ≡ δ []V γ + 1
a
V γ [wˆ+(∂αK)δzα + wˆ−(∂α¯K)δz¯α¯] + ΓγαβV αδzβ . (5.17)
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5.3 Poincare´ covariant transformations on all fields
Now we consider also the other fields in the theory, which are the fermions and auxiliary
fields from the chiral multiplets, and the fields of the Weyl multiplet. We saw above that
for the scalars the covariant Poincare´ supersymmetry can be identified with the covariant
Q-supersymmetry of the conformal theory. However, we still have to consider the S-gauge
condition, which is not invariant under the Q-supersymmetry. Therefore we define the
covariant Poincare´ supersymmetry as the combination of covariant Q and S transformations
that preserve the gauge fixing16
δˆ [] = δˆQ[] + δˆS[η()] . (5.18)
The decomposition law the S supersymmetry, η(), will be obtained in section 6.1, see (6.17).
The covariant superconformal transformations leave the action invariant. The super-
Poincare´ action is defined as the superconformal action after applying gauge conditions.
Since the covariant super-Poincare´ transformations leave these gauge conditions invariant
and are a linear combination of the superconformal ones, they must also leave the action
invariant.
6 Off-shell Poincare´ supersymmetry
In this section we will derive and present our main results: the full supersymmetry action
and transformation laws of the super-Poincare´ theory including the auxiliary fields of the
chiral multiplets. But let us first summarize where we stand.
The previous section involved some subtle arguments, but the upshot is very simple.
The covariant supersymmetry transformations of the superconformal theory reduce to the
covariant supersymmetry transformations of the Poincare´ theory after gauge fixing is prop-
erly incorporated. Therefore, we will remove the indication   on δˆ from now on.
These covariant Poincare´ symmetry transformations act in a simple way on functions of
z and z¯: we have the covariant expressions (4.20-4.22) and (5.9):
∇µV (z, z¯) = (∂µzα∇α + ∂µz¯α¯∇α¯)V , δˆV (z, z¯) = (δzα∇α + δz¯α¯∇α¯)V . (6.1)
These relations also hold if V carries indices I or α. Further the covariant derivatives (and
thus covariant transformations) vanish on y and on the metrics, e.g.
δˆy = 0 , δˆGIJ¯ = 0 , δˆgαβ¯ = 0 . (6.2)
In fact, y is totally inert: ∇µy = ∇αy = ∇α¯y = 0. Thus one can use the definition
XI = yZI(z), and
∇α¯ZI = 0 , ∇α∇βZI = 0 , ∇α¯∇βZI = a−1gβα¯ZI , (6.3)
16If there are objects that transform under special conformal transformations, we furthermore have to use
the decomposition law following from the gauge condition bµ = 0 : λKµ = − 14 ¯φµ + 14 ψ¯µη().
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and in general commutators of covariant derivatives give curvatures in the embedding and
projective spaces, related by (4.41). We will frequently use the metric relations encoded in
the matrix equation (4.36).
Finally, we will often need the covariant transformation of ∇αXI ,
δˆ∇αXI = ∇β∇αXIδzβ +∇β¯∇αXIδzβ¯ = a−1XIgαβ¯δz¯β¯ , (6.4)
which follows from (6.1) and (6.3).
6.1 Transformation laws
An integral part of the covariant rules in section 3.2 are the covariant derivatives of scalars
and fermions (3.19) and (3.22). These can be rewritten as
DµXI = ∇αXI ∂µzα − iAFµXI −
1√
2
ψ¯µΩ
I ,
D̂µΩI = ∇µΩI + 1
2
iAFµΩ
I − 1√
2
PL
(
/DXI + Fˆ I
)
ψµ −
√
2PLX
Iφµ . (6.5)
where we have split the auxiliary gauge field of the T -symmetry into its bosonic and fermionic
part:
Aµ = Aµ + AFµ , AFµ = i
1
4N
[√
2ψ¯µ
(
NIΩ
I −NI¯ΩI¯
)
+NIJ¯Ω¯
IγµΩ
J¯
]
, (6.6)
and Aµ has the value in (4.18). The latter has been used to define
∇µΩI =
(
∂µ +
1
4
ωµ
abγab +
1
2
iAµ
)
ΩI + ΓIJKΩ
J∇µXK . (6.7)
In order to express these in terms of Poincare´ variables, we use the relations (4.42) to
expand all fields in terms of the basis (XI ,∇αXI). Moreover, we will use the gauge condition
χ0 = 0. To illustrate this procedure, let us focus on the expression for AFµ. The first term
vanishes by the S-gauge condition (4.44). In the second term, we express fermions in terms
of the basis and find
AFµ = −
1
4a
iNIJ¯Ω¯
IγµΩ
J¯ = − 1
4a
iNIJ¯∇αXI∇β¯X J¯ χ¯αγµχβ¯ = −
1
4a
igαβ¯χ¯
αγµχ
β¯ , (6.8)
where we have used (4.36).
The full covariant derivative of the scalars in the (XI ,∇αXI) basis reads
DµXI = ∇αXIDµzα − iAFµXI , Dµzα = ∂µzα −
1√
2
ψ¯µχ
α , (6.9)
where we have defined the supercovariant derivative on Poincare´ scalars. Similarly, the
covariant derivative of the fermions is given by
DˆµΩI = ∇αXI
(
Dˆµχα + 12 iAFµχα
)
+XI
(
a−1gαβ¯χ
αDµzβ¯ −
√
2PLφˆµ
)
, (6.10)
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in terms of the Poincare´ covariant derivatives
Dˆµχα = ∇µχα − 1√
2
PL( /Dzα + hα)ψµ , PLφˆµ = PLφµ + 1
2
PL
(
h0 − 3i /AF
)
ψµ ,
∇µχα =
(
∂µ +
1
4
ωµ
abγab +
3
2
iAµ
)
χα + Γαβγχ
β∂µz
γ . (6.11)
We will see below why the expression for φˆµ is a good Poincare´ covariantization of φµ.
We now turn to the supersymmetry transformations, starting from their conformal coun-
terparts (3.17). We first repeat the derivation of the transformations of the scalars in (5.7)
in a more direct way, illustrating the covariant methods:
δˆXI =
1√
2
¯PLΩ
I =
1√
2
¯PL∇αXIχα = ∇αXIδzα , (6.12)
using (5.9), from which it readily follows that
δzα =
1√
2
¯χα . (6.13)
Covariant methods allow us to find the transformations of the other Poincare´ fields quite
easily. Let us start with the fermion transformation. Expanding both the superconformal
transformations and the transformations of the Poincare´ fields in terms of the covariant
basis, one has
δˆΩI = XI δˆχ0 +∇αXI δˆχα + δˆ(∇αXI)χα ,
= XI(δˆχ0 + 1
a
gαβ¯χ
αδz¯β¯) +∇αXI δˆχα . (6.14)
On the other hand, from the conformal transformation in (3.17) using the covariant derivative
(6.9) discussed above, we get
δˆΩI =
1√
2
PL
[
∇αXI( /Dzα + hα)+XI
(
−i /AF + h0
)]
+
√
2PLηX
I . (6.15)
Equating these two expressions for the superconformal transformations leads to the Poincare´
transformations for the fermions,
δˆχα =
1√
2
PL( /Dzα + hα) ,
√
2δˆχ0 = PL
(
h0 − 3iγµAFµ
)
+ 2PLη , (6.16)
where we have performed a Fierz rearrangement to bring both fermion trilinear expressions
to the same form.
In addition to the transformation of the physical fermion, (6.16) also leads to the de-
composition law announced in (5.18). The requirement that the SUSY variation of the
remaining component χ0 leaves the gauge choice χ0 = 0 invariant, i.e. δˆχ0 = 0, results in
the compensating transformation of the gauge fixed S-supersymmetries:
PLη() =
1
2
PL
(
−h0 + 3i /AF
)
 . (6.17)
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Finally, the SUSY transformation laws of the auxiliary fields can be derived in the same
way. On the one hand, from a covariant transformation on the definition in (4.42), we have
the expression
δˆFˆ I = XI
(
δˆh0 +
1
a
gαβ¯δz
β¯hα
)
+∇αXI
(
δˆhα +
1√
2
h0¯χα
)
, (6.18)
while the superconformal transformation laws are expanded into (using (4.41))
√
2δˆFˆ I =∇αXI ¯
[
/ˆDχα + 1
2
i /A
F
χα) + 1
2
(
Rβγ¯
α
δ + 2a
−1gβγ¯δαδ
)
χγ¯χ¯βχδ
]
+
+XI ¯
[
a−1gαβ¯ /Dzβ¯χα −
√
2PRγ
µφˆµ
]
. (6.19)
This leads to the transformation laws for the Poincare´ auxiliary fields
√
2δˆh0 = ¯
[
a−1gα¯β /Dzα¯χβ −
√
2PRγ
µφˆµ)− a−1gαβ¯χβ¯hα
]
,
√
2δˆhα = ¯( /ˆDχα + 1
2
i /A
F
χα)− h0¯χα + 1
2
(
Rβγ¯
α
δ + 2a
−1gβγ¯δαδ
)
¯χγ¯χ¯βχδ
= ¯
[(
/ˆD + 3
2
i /A
F − h0
)
χα + 1
2
Rβγ¯
α
δχ
γ¯χ¯βχδ
]
. (6.20)
The covariant SUSY transformations above are amongst the central results of this paper.
The covariant transformations of the fermions have an additional contribution due to the
off-shell auxiliary fields hα. Finally, we also obtained the transformation of the auxiliary
fields (6.20). Note that these contain specific quartic fermion terms, which organize into
Ka¨hler curvatures by virtue of covariance.
We now consider fields of the Weyl multiplet. At the superconformal level these fields and
their covariant superconformal transformations are independent of the Ka¨hler target space.
However, we have to take the decomposition laws into account, which differ for ordinary and
covariant Poincare´ transformations. The transformation of the frame field is not affected
and reads:
δeaµ =
1
2
¯γaψµ . (6.21)
The field bµ is eliminated by the dilatation gauge choice, and Aµ has been replaced by
Aµ + AFµ . The covariant transformation of the gravitino remains; for this we need the
decomposition law (5.18). Furthermore, we will apply the split (6.6), and include the bosonic
part in a covariant derivative:
δˆPLψµ = δˆQψµ − γµη()
= ∇µPL− 32 iAFµPL+ 12γµPR
(
h¯0 + 3i /A
F
)
 ,
∇µPL =
(
∂µ +
1
4
ωµ
abγab − 32 iAµ
)
PL .
(6.22)
Note that  can be considered as having chiral weight c = 3/2.
Due to the compensating S-transformation, the super-Poincare´ covariant gravitino cur-
vature also receives a contribution (compare with[16, (11.72)]
PRRˆ
 
µν = PRR
′
µν(Q) + 2γ[νη(ψµ]) = PRR
′
µν(Q)− PRγ[ν
(
h0 − 3i /AF
)
ψµ] . (6.23)
Note that φˆµ in (6.11) is related to Rˆ
 
µν in the same way as φµ is defined from R
′
µν(Q) in
(3.20).
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6.2 Superpotential part of the action
To write the action in Poincare´ variables, is now a straightforward substitution using the new
variables. Instead of deriving the full action in this paper, we will only highlight those parts
that contain the auxiliary fields. The remainder of the action coincides with the on-shell
version and can be found in [16].
As an example of the calculation of the action, we consider the F -term of the geometric
formulation of the superconformal theory (3.26):
[W ]F e−1 =WIFˆ I − 12WI;JΩ¯IΩJ +
1√
2
WIψ¯ · γΩI + 12Wψ¯µPRγµνψν + h.c. , (6.24)
We will use the relation between conformal and Poincare´ fields as in (4.42), but we set χ0 = 0
due to the S-gauge condition. The superpotential W obeys two fundamental relations: one
is the definition of the Poincare´ superpotential W , and the other is the statement that it
should be homogeneous of degree 3:
W = y3W , y ZIWI = 3W = 3y3W . (6.25)
Taking covariant derivatives leads to two new equations
WI ∇αZI = y2∇αW , ∇αZIWI + y ZIWI;J∇αZJ = 3y2∇αW . (6.26)
We further need the second derivative of the first equation, using (4.38):
WI;J ∇αZI ∇βZJ = y∇α∇βW . (6.27)
This easily leads to
[W ]F e−1 = yWI
(
ZIh0 +∇αZIhα
)− 1
2
y2WI;J∇αZI χ¯α∇βZJχβ
+
1√
2
yWIψ¯ · γ∇αZIχα + 12Wψ¯µPRγµνψν + h.c.
= y3
[
3W h0 +∇αW hα − 12∇α∇βWχ¯αχβ
+
1√
2
∇αWψ¯ · γχα + 12Wψ¯µPRγµνψν
]
+ h.c. , (6.28)
where y3 = eκ
2K/2.
6.3 The auxiliary field action
The [W ]F action of (3.26) contains a linear term in the Fˆ I , while [N ]D includes a quadratic
term. They can be combined in the quadratic expression:
e−1LF = GIJ¯(Fˆ I − Fˆ IG)( ¯ˆF J¯ − ¯ˆF J¯G)−GIJ¯ Fˆ IG ¯ˆF J¯G , Fˆ IG = −GIJ¯W J¯ . (6.29)
To express this in Poincare´ variables, the formula in [16, (17.85)] is convenient:
GIJ¯ = yy¯
(
− 1
a
ZIZ¯ J¯ + gαβ¯∇αZI ∇β¯Z¯ J¯
)
. (6.30)
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Using the definitions in (4.42) as well as the gauge-fixing conditions, the auxiliary action for
h0 and hα becomes
e−1LF = gαα¯(hα − hαG)(h¯α¯ − h¯α¯G)− gαα¯hαGh¯α¯G − a(h0 − h0G)(h¯0¯ − h¯0¯G) + 3h0Gh¯0¯G . (6.31)
Here the Gaussian values are given by
hαG = −gαβ¯ y¯3∇β¯W , h0G =
3
a
y¯3W . (6.32)
We will keep both hα and h0 off shell for the future work with a nilpotent multiplet.17 The
result for the full auxiliary field Lagrangian is then
e−1L = e−1Lbook + gαα¯(hα − hαG)(h¯α¯ − h¯α¯G)− a(h0 − h0G)(h¯0¯ − h¯0¯G) , (6.33)
where Lbook is the result in[16, section 18.1]. The quadratic term in hα also appears in [4].
In a theory in which there are algebraic constraints on chiral multiplets, one can eliminate
the auxiliary fields hα by means of an order by order expansion in fermion bilinears about
their Gaussian values:
hαon−shell = h
α
G + ∆h
α . (6.34)
The expansion terminates because of Grassmann anti-commutation.
6.4 Consistency
Having derived the full action with auxiliary fields, as well as their transformation laws, a
consistency check is to prove that these transformation laws leave the on-shell values (6.32)
invariant; in other words, is integrating out the auxiliary fields compatible with unbroken
supersymmetry or not? Of course this question will be answered affirmatively (otherwise
there would not be supergravity theories with on-shell auxiliary fields), but in reaching this
conclusion we will gain an understanding of the structure of the supersymmetry transforma-
tions of the auxiliary fields. In particular, we will show that they take a very simple on-shell
form.
Which field equations should we use? The transformations of the auxiliary fields hα of the
matter multiplets are expected to be related to the field equations of their fermionic partners
χα. Indeed, from e.g. [16, (18.6)] we can derive the field equation of these fermions, and
after recombining various explicit gravitino terms in covariant derivatives, one finds indeed
an expression related to (6.20). This leads to
√
2δˆhα = −gαβ¯e−1 δL
δχ¯β¯
− h0¯χα − gαβ¯mβ¯γ¯χγ¯ +
1√
2
γ · ψ(hαG − hα)
≈ −3a−1y3W¯χα − y3gαβ¯∇γ¯∇β¯W¯χγ¯ =
√
2δˆhαG , (6.35)
where the use of field equations is indicated by ≈. This thus coincides with the covariant
transformation of the on-shell value of hα.
17We are not retaining other auxiliary fields like Aµ and D
A since they are not affected by the constraints
on chiral multiplets and take their Gaussian values, as shown in [16, (17.21)].
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The partner of the auxiliary field h0 was χ0, but this field has already been eliminated by
the S-supersymmetry gauge condition. However, we can trace back that field equation to an-
other one by recalling that the conformal action Sconf was invariant under S-supersymmetry.
The only fields that transform under S-supersymmetry are the gravitino and χ0, see (6.16),
and thus the invariance of the action under S-supersymmetry is the statement
0 = δSSconf =
δSconf
δχ0
δSχ
0 +
δSconf
δψµ
(−γµη) . (6.36)
Hence the field equation of χ0 is proportional to the trace of the field equation of the gravitino.
Therefore we start with the gravitino field equation obtained from [16, (18.6)]:
PLΣ
µ ≡ e−1PL δS
δψ¯µ
= −κ−2PLγµνρ
(
∂ν +
1
4
ων
abγab +
3
2
iAν
)
ψρ +
1√
2
gαβ¯ /Dz¯β¯γµχα
+κ2y3PLγ
µνψνW +
1√
2
γµy3χα¯∇α¯W + 3iPLγνµ /AFψν . (6.37)
Its contraction (using [16, (16.26)]) is
PRγ
µΣµ =6κ
−2PRγµφˆµ −
√
2gαβ¯ /Dz¯β¯χα + 3PRγ · ψ(h0G − h0) + 2
√
2y3χα¯∇α¯W (6.38)
This gives with (6.20), and using the on-shell value (6.32)
δˆh0 + 1
2
a−1PRγµΣµ ≈ 3√
2a
∇α¯W¯χα¯ = ∇α¯h0Gδzα¯ . (6.39)
The last term is the expected result; it is the covariant transformation of the on-shell value
of h0.
7 Synopsis
The natural geometric setting for chiral multiplets in N = 1, D = 4 supersymmetry or
supergravity is that of a Ka¨hler manifold. In [12] we developed a formulation of global
supersymmetric theories that is manifestly covariant under holomorphic diffeomorphisms
of the target space. In this paper we extend this covariant approach to supergravity, and
present a covariant treatment, which includes the auxiliary fields of chiral multiplets.18
We follow the superconformal approach to supergravity, which includes a compensator
multiplet and therefore begins with a set of n+ 1 chiral multiplets XI ,ΩI , Fˆ I . The notation
Fˆ I indicates that the usual auxiliary fields F I are modified so that they transform as a
vector under diffeomorphisms. The XI are holomorphic coordinates of an n+ 1 dimensional
conformal Ka¨hler manifold whose metric NIJ¯(X, X¯) is homogeneous. The superconformal
group includes a chiral symmetry called the T symmetry, and we define supersymmetry
18There are earlier treatments of supergravity with auxiliary fields [13, 14] that are not fully covariant.
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transformations that are covariant under diffeomorphisms and covariant derivatives that
include the composite T -connection. The covariant formulation leads to simplified actions
and transformation rules.
The physical theory, which is invariant under Poincare´ supersymmetry, contains n chiral
multiplets zα, χα, hα, which are defined in terms of the superconformal components in (4.42).
The passage from superconformal to Poincare´ requires gauge-fixing conditions for symmetries
of the superconformal algebra that are not part of the Poincare´ subalgebra. The most
important of these are the dilatation, T -symmetry, and the S-supersymmetry. The covariant
supersymmetry transformations can be expressed in terms of the physical fields, but this is
not quite enough. The gauge-fixed action is invariant only if the gauge-fixing conditions
are maintained, and this requires certain compensating transformations. In the end we
define covariant supersymmetry transformations of the physical fields that require only the
compensating transformation for S-supersymmetry.
While the process described above is somewhat involved, the resulting passage from su-
perconformal to the super-Poincare´ theory is very simple. The final off-shell Poincare´ theory
contains n the expected hα auxiliary fields, which are auxiliary fields of the physical chiral
multiplets, plus the field h0 whose role is the same as the S + iP auxiliary field of the old
minimal formalism. The SUSY transformations for scalars, fermions and auxiliary fields, all
explicitly covariant, can be found in (6.13), (6.16) and (6.20). We also derived the auxiliary
field action in detail that is relevant for auxiliary fields, and discussed the relation between
its on- and -off-shell forms. One possible application of our framework would be the investi-
gation of possible supergravity theories with novel non-linear realization of supersymmetry.
The canonical example follows from a nilpotency condition Φ2 = 0 on a single superfield,
which expresses the scalar field as a fermion bilinear. Other constraints involving e.g. multi-
ple chiral fields or the supergravity multiplet itself can be addressed in a similar fashion, with
different relations between the components of these multiplets. We hope that our covariant
approach provides a fruitful starting point for such investigations.
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